PHYS102-MidTerm Exam I 1

Y
1. Two identical charges +(@) are fixed on the x-axis at positions S
z = —a and x = +a. A third charge ¢ is placed at the origin, ;
. . . . 1
as shown in the figure. Let V' = 0 at infinity throughout this +Q +Q p
problem. PN PY >
—a q +a
B
d
[6 Pts.] (a) What should the charge ¢ be so that the net force on every charge in the system is zero?

By symmetry, the net force on ¢ at the origin is always zero (the two +@ push symmetri-
cally). The constraint comes from requiring the net force on each +@) to vanish.

k 2
e Repulsion from +@Q at x = —a (distance 2a), directed +xz: F} = %
a
k
e Attraction toward ¢ at origin (distance a), directed —z if ¢ < 0: Fy = \q2|Q
a
Setting F| = Fy:
kQ* _ Kk|gQ _Q
4a2 a2 la = 4
Since ¢ must attract +@Q inward, ¢ is negative: ¢ = -7
[6 Pts.] (b) Using the value of ¢ found in part (a), find the electric potential V' at point P on the
positive z-axis at a distance d from the origin (d > a). Express your answer in terms of

Q, a, and d.
Distances from each charge to P:r g et = d +a, 7r1Qright =d—a, 714=d.
Potential is a scalar sum:

1 1 1
V_kQ<d+a+d—a_4d>

[7 Pts.] (¢) Find the electric potential V' at point S on the y-axis at a height h above the origin (i.e.
at position (0, h)). Express your answer in terms of @, a, and h.
Distance from each +Q to S: r = va? + h2. Distance from ¢ to S: h.

2 1
vk i )

[6 Pts.] (d) Find the total electric potential energy U of the three-charge system. Express your answer
in terms of @ and a.
Pair Distance Energy
kEQ?
(+Q, +Q) 2a Sa
EQ?  kQ?  kQ?
kQ? :>U:Q—Q—Q:0
(+Qett> ) a - 2a da 4a
4a
_kQ?

(+Qright7 Q) a 4a



[5 Pts.]

[12 Pts.]

[8 Pts.]
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2. At

hin circular ring of radius R, centered at the origin and lying in the x—y plane, carries

uniform linear charge density +\, where A > 0.

Two semi-infinite straight wires lie along the z-axis. One extends from z = R to 400, and the

other from x = —R to —oo. Both carry uniform linear charge density —A.
z
The following indefinite integrals may be use- A
ful (b>0): Yy
: o
dx x + \/m
/\/12+b2: ( b >+C’

/=

(a)

(b)

()

dx 1 . 71($)+C / dx T +C
———— = —tan — s = .
+62 b b (z2 +b2)3/2  p2./22 { p2

Use symmetry to determine which components of the electric field vanish at a point (0, 0, 2).

Ring: For every element dq at (z,y,0), the opposite element at (—x,—y,0) cancels FE,
and F,; z-components add.

Wires: Elements at +x cancel E, (opposite horizontal displacements, same charge den-
sity) and E, = 0 (wires lie on z-axis). z-components add.

E,=FE,=0; only I, survives.

Calculate the total electric field E(0, 0, z).

Ring contribution. Each element dl is at distance v R? 4+ 22 from (0,0, z). The axial
component:

Adl z
dE, = :
drey  (R? + 22)3/2
Integrating ¢ dl =27R: = E."® = m

Wire contribution.
For Wire 1 (z from R to oo, charge —\):  dE, = Z24z . 2

Ireo  (22+22)3/2

Usi /OO dx 1 ) R
sin s = S|l ——=|:
g r (224 22)3/2 7 22 'RZ + 2

Ewirel — —A 1— R
? dmegz VR? + 22

Wire 2 gives the same contribution by symmetry, so: EY® = 2;5?)2; (1 — ﬁ)
Total: \ R ) R
TRz
= ——(1-—=—=|, E=E.2
2meg [ (R + 22)3/2 2 ( VR2 + ;ﬂ)} ‘

Find all points on the z-axis where the electric field is zero. Set E, = 0:

TRz _1(1_ R >
@+ A\ TV
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Let R O<u<l1 Ryl - o
et 4 = ——, u<l, 2=——.
VP u
Then:
Rz u?V/1 — u? 1(1 ) u(l —u)
p —_ s _ —-—uU) = —
(R? + 22)3/2 R z RV1 —u?
Substituting and simplifying (dividing both sides by u\/1 — u):
1
ﬂ'uvl—l—u:ﬁ — mu(l4+u)=1 = mul+7u—-1=0

Positive root:

TVl +dn 14 /1447 ~ 0.9530
2 a 2 T

Converting back to z:
_ RV1—wu? R x0.9673
T w7 0.2539

z

By symmetry (E, is odd in z), both £z are solutions:

z~=E38lR

There are exactly two zero-field points, symmetric about the zy-plane.
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3. A nonconducting sphere of radius ¢ has a spherical cavity of radius r; centered at the sphere’s
center. A total charge Q is distributed uniformly in the “shell” (between r > r; and r < rq ).

[5 Pts.] (a) What is the expression for the volume charge density p for r; <r <rg ?

3Q

=)

Shell volume:

Venenn = 37(ry — ) =p=

[12 Pts.] (b) Find the expression for the magnitude of the electric field as a function of r for r < 7y
J1<r<rg,andr >rg.

Apply Gauss’s law: E - 47712 = Qene/€0-
Region 1: r < r; (cavity)

Qenc =0: E=0
Region 2: 7 < r < ry (inside shell)

Qu*— 1)
Qenc(r) = p - %W(TS - 7':1))) = 3 31
o ="
3_ .3
E= Qr 3T1) 5, radially outward
dmegr2(rg —ry)
Check: At r=r1: E=0V; atr=rg: E:i2
dmegrg
Region 3: r > ry (outside sphere)
Qenc = Q-
= @ , radially outward
Amegr?
[8 Pts.] (c) Find the potential difference V(1) — V (rg) between the inner and the outer surfaces of

the shell for rog = 3r1.
With ro = 3ry: 73 — 7 = 27r3 — r$ = 2613,

O [
|4 Ed ——|d
(r1) = V(ro) / ~ dneo - 2673 T

Q [rQ r{’] 3

~ 4reo - 2613 | 2 * r

T1

Evaluate limits:

97’1+7‘% ﬁ+r% — 2 27+2-3-6 :207«%:10T%

Q 1072 10Q 5Q
V — V p— . p— p—
(r) (ro) 4deg - 267":1” 3 312megry 156megry




[12 Pts.]

[10 Pts.]

[3 Pts.]
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4. (a)

(b)

()

A spherical capacitor consists of two thin concentric spherical conducting shells, of radius
r1 and 19, 79 > 71. The inner shell carries a uniformly distributed charge @) on its surface,
and the outer shell an equal but opposite charge —@). Determine the capacitance of the
two shells. What would be the capacitance if ro — c0?

Inner shell radius 71, outer shell radius 9 (r1 < r2). Between the shells (11 < r < r9):

s Q

 Awegr?

”Q Q (1 1
— — dr = -
‘/1 ‘/2 /,,» 47‘(’607’2 " 471’60 (7“1 7“2)

1

Potential difference:

@ 4re e
= 0
Vi—Va T — T2

As ry = 00: C — 4megry (isolated sphere) v/

C:

Two spheres have radii @ and b, and their centers are a distance d apart. Find the
capacitance of this system provided d > a,b. Hint: Because the spheres are far apart,
assume the potential of each sphere equals the sum of potentials due to both charges, treating
each as a point charge at its center. Using the hint: Sphere 1 (charge +@Q), radius a):

Ny

“ Awega  Amepd  Ameg a d

a d
Sphere 2 (charge —@, radius b):
Q (-Q) @ (1 1)

b= Aregd  Amegh  4dmeg d b

d b
Q1 1 2
Va %_471'60 a+b d

Potential difference:

4meg
C=1"717 3
a b d

As d — o0, can the two-sphere system be regarded as two capacitors connected in series
or in parallel? Justify your answer. As d — oo, 2/d — 0:

4meg
Coo = 1 n 1
a b
Individual sphere capacitances: C, = 4mwega, Cp = 4mwegh.
Series combination: Cselries = C%l + C%, = 47:60 (1 +1) = Csories = f“ﬁol =Cy v
i
a b

The system behaves as two capacitors connected in series.



